gradings isomorphic to good gradings; in particular we show that any Ž . grading of M k by a torsion-free group is isomorphic to a good grading. n Good gradings have appeared before in another setting, in the work of Ž w x. Ž. Green and Marcos see 3, 4 , in which M k is viewed as a quotient of n the path algebra of the quiver ⌫, where ⌫ is the complete graph on n points. Then good gradings arise from weight functions on ⌫. Our approach is different, and the only overlap with the results contained in the cited papers is Proposition 2.1. We describe in Section 2 all good gradings Ž . < < ny 1 on M k , showing that there are G such structures. We also detern mine the good gradings which are strong gradings, respectively, crossed products. This produces many examples of strongly graded rings that are not crossed products. It seems to be much harder to find all G-gradings of the k-algebra Ž . M k . In Section 3 we give a method for doing this in the case where n G s C , a cyclic group of order m, and k contains a primitive mth root of m Ž Ž. . Ž. 1 in particular char k does not divide m . If char k divides m, the method does not work. However, we are able to produce a C -grading of p Ž . M k which is not good, for any field k of characteristic p ) 0. In Section p Ž . 4 we give a precise description of all C -gradings of the algebra M k . 2 2 Ž . Ž . The methods are essentially different when char k s 2 or char k / 2. If Ž . Ž . char k / 2, we use the results of Section 3. If char k s 2, we give a different approach. We characterize all such gradings isomorphic to a good Ž . grading. In particular, if k is algebraically closed, any C -grading of M k 2 2 is isomorphic to a good grading, no matter what the characteristic of k is. w x We mention that 5 presents a general open problem, posed by E. Zelmanov, asking to describe all semigroup gradings of a full matrix ring.
If G is a multiplicative group with identity element 1, we say that a
k-algebra R is G-graded if R s [
R is a direct sum of k-subspaces
such that R R : R for any g, h g G. In this case R is called strongly M R : M for any g, h g G. We can define the category gr-R of all h g hg G-graded right R-modules, where a morphism between two objects M and N in this category is a morphism f : M ª N of R-modules, such that Ž . f M : N for any g g G. Similarly we can introduce the category R-gr of g g w x G-graded left R-modules. We refer to 6 for all definitions and basic properties of graded rings and modules.
GRADINGS FROM ENDOMORPHISM RINGS
Let R be a G-graded ring, and V a right G-graded R-module. For any g G let 
Ž . duces a G-grading on M k . If¨is a basis of homogeneous fined by
is an isomorphism of C -graded algebras. The grading of S is not good, 2 since e is not homogeneous, but S is isomorphic as a graded algebra to 1, 1 R, which has a good grading.
We see that in the previous example, although the grading of S is not good, the element e is homogeneous. A corollary of the following result 1, 2
Ž .
shows that in general a grading of the algebra M k is isomorphic to a n good grading whenever one of the e 's is a homogeneous element. 

Proof. As a simple
End V ( k, so ⌬ is isomorphic to k with the trivial grading. This shows
space of dimension n; thus it is isomorphic to M k with a certain good n G-grading. On the other hand, the graded version of the density theorem w x Ž . Ž .Ž . 2, Proposition 2.4 shows that the map : R ª BIEND V , r¨s rR for r g R,¨g V, is a surjective morphism of G-graded algebras. As Ž . Ann V s 0, we see that is injective, hence an isomorphism, which R ends the proof. Proof. Since e is a homogeneous element, V s Re is a G-graded
Clearly V is the set of the matrices with zero entries outside the jth column, so V is a simple R-module, and we apply Theorem 1.4. EXAMPLE 1.7. There exist gradings isomorphic to good gradings, but where no e is homogeneous. Let R be the C -graded algebra from
Ž . Example 1.3 and let S s M k with the grading
is an isomorphism of C -graded algebras. However, none of the elements 2 e is homogeneous in S.
In this section we will study the good G-gradings of the algebra M k . 
Ž .
The algebra M k endowed with a good G-grading will be freely regarded n Ž . Ž. Ž. up to an isomorphism as a graded algebra END V s End V for a G-graded vector space V, as described in Section 1. We start by counting these gradings. inverse of the correspondence mentioned in the statement takes a map
Ž . We will describe now the good G-gradings making M k a strongly n Ž . graded respectively, a crossed-product algebra.
Ž . Ž . PROPOSITION 2.3. Let us consider the algebra End
[ V is a graded¨ector space. The following assertions are equi¨alent:
All the elements of G appear in the sequence 1, h , h h , . . . ,
Proof. We recall that V is an object of gr-k, where k is regarded as a Ž . Ž . G-graded algebra with the trivial grading. Then END V s End V is Ž . Ž strongly graded if and only if V weakly divides V for any g G by w x. 6 . This means that V is isomorphic to a graded submodule of a finite Ž . direct sum of copies of V in gr-k, and it is clearly equivalent to V / 0 g for any g g G. If g , . . . , g are the degrees of the elements of the basis of
Then
Ž . this is equivalent to iii in the statement. 
Proof. Ž . Ž . V ( W as k-graded modules, and this shows that End V ( End W as graded algebras.
Ž . which means that V ( V as k-graded modules. This is equivalent to
Ž . Ž . Ž . Ž . Ž . dim V s dim V for all , g g G, which is just ii . Thus i m ii . g g Ž . Ž . Ž . Ž . Clearly i « iii . Suppose now that iii holds. As End V s 1 Ž . Ž . Ž Ž . . Ž Ž .. 2 End V s [ End V , we find dim End V s Ý dim V . g ryk g g G g 1 g g G g Then 2 2 2 < < G dim V s n s dim V , Ž . Ž . Ž . Ý Ý g g ž / ggG g gG
Ž . and the Cauchy᎐Schwarz inequality shows that all dim
V , g g G, must g Ž . < < Ž . Ž . Ž . be equal. Thus dim V s G и dim V for any g g G. Clearly iii m iv .
Ž .
As examples, we give a description of all good C -gradings on M k 2 2 Ž . and all good C -gradings on M k . Ž . i the trivial grading, R s M k , R s 0; Ž . Ž .
Ž . Using Propositions 2.3 and 2.6, we see that the examples ii , iii , and iv Ž . are strongly graded rings, but they are not crossed products. Example ii , due to E. Dade, was known as a strongly graded ring that is not a crossed Ž w x. w x product see 7 . The same example also appears in 8, p. 131 .
GRADINGS OVER CYCLIC GROUPS
² :
Let m be a positive integer and let C s g be the cyclic group of m Ž order m. We assume that a primitive mth root of unity exists in k in . particular this implies that the characteristic of k does not divide m . 
have that ⌿ is a linear map. Moreover, for any A, B g R we have that
showing that ⌿ is an algebra morphism. Moreover, for any j we have that j Ž . It is possible to recover the grading from the automorphism ⌿. 
is direct, and
is a C -graded di¨ision ring structure on R. In particular, this grading is not p isomorphic to a good grading.
Ž .
p w x Proof. Let P X s X y X q 1 g Z X . It is well known that P is p irreducible and it is the minimal polynomial of a, which is written in the w x p Jordan canonical form. So, K s Z a is a field and it has p elements. Ž . is direct. We prove by induction that for any 0
If j s 0, there is nothing to prove. If j s 1 and
then ␣ 2 b s y␣ . If ␣ / 0, then ␣ is invertible and b s y2 ␣ ␣ . and adding them, we obtain
Ž . The purpose of this section is to describe C -gradings of M k . We 2 2 Ž . start with the situation where char k / 2, when we use the method developed in Section 3. We are able to give a very precise description in this case.
Ž . THEOREM 4.1. Let k be a field with char k / 2, and let R s M k .
2
Then a C -grading of the k-algebra R is of one of the following three types:
where a, b, c g k, a / 0, and a 2 q bc / 0; ii Ž . type, we obtain the trivial grading, since 
Ž .
we have 
showing that the grading is of type i .¨b . and¨s x q t r2 run through the elements of k. Then denoting ␥ s Ž . Ž . x y t r2, ␦ s cy y bz r2 bc, we see that
yc␦ y␥ Ž . and this gives a grading of type ii .
from the tri¨ial grading, is a crossed product.
Ž . Ž .
Proof.
It is enough to show that for any grading of type i or ii , R g contains an invertible element. But this clearly follows from the fact that 2 2 m␦ q n␦␥ q p␥ s 0 for any ␥ , ␦ g k if and only if m s n s p s 0.
In the next two propositions we describe which of the C -gradings of 2 Ž . M k is isomorphic to a good grading. Ž . We turn now to the characteristic-2 case. 
Ž . of M k is isomorphic to a good grading if and only if bc is a square in k.
2 k 0 0 k Ž . Ž . Ž . Proof. Let S s M k with the trivial C -grading S s , S s . 2 2 1 g 0 k k 0 If f : S ª R. and this shows that b s y y r x q c yq y q p x s 0 for any x, y g k
